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Let  A  and  B  be  non-empty  subset  of  a  multiplicative  metric  space 
(X,  dj  and  T:  AuB^>AuB  be  a  multiplicative  R-cyclic 
contraction  with  respect  to  V.  Then  there  exists  a  sequence 
{xn}„SH  cJuS  such  that  lim  d(xn,xn+1)  —  infnetjd(xn,  xn+1j  — 

n->co 

d(A,Bj,  then  lim  d(xn,xn+1j  =  infne^d(xn,  xn+1 )  = 

n->co 

dist(A,  B ).  This  paper  provides  solutions  to  numerous  problems  in 
physics,  optimization  and  economics,  which  can  be  reduced  to 
finding  a  common  best  proximity  point  of  some  non-linear  operator. 
We  considered  the  application  of  cyclic  contraction  mapping  on  the 
multiplicative  metric  space  then  we  obtain  lim  d(xn,xn+1 )  = 

7l-»00 

infn£N  d(xn, xn+ 1)  =  dist(A,B),  d(A,B )  <  d(v,Tv )  <  d(A,B ), 
d(y,Tv)  =  d(A,Bj,  d(Tx,Ty )  <  (d(x,y))v^x'yB  ■ 
d(A,By~'i’(d('x'y^  <  (max  [d(x,yj,  [ d(Tx,xj  ■  d(Ty,y )  ■ 

min  [d(x,  Tyj,d(y,  Tx)}]tyWx'y»  ■  d(A,  B)1~^d(-X‘y^  for  all  x  £ 

A  and  y  £  B. 
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1.  Introduction 

Best  proximity  point  theorem  was  first  established  by  [1],  which  is  a  concept  that  analyses  the 
existence  of  an  optimal  solution;  and  is  a  natural  generalization  of  Banach  fixed  point  theorem.  The 
concept  of  multiplicative  metric  spaces  is  another  important  result  that  was  introduced  by  [2].  They 
defined  multiplicative  metric  space  in  such  a  way  that  the  additive  triangular  inequality  is  replaced 
by  “multiplicative  triangular  inequality”  d(x,  y)  <  d(x,  z)  ■  d(z,  y)for  all  x,y,z  G  X.  The  concept 
of  multiplicative  contraction  mappings  and  proved  some  fixed  point  theorems  on  such  mappings  in 
a  complete  multiplicative  metric  space  was  firstly  introduced  by  [3].  Some  unique  fixed  point 
theorems  in  the  context  of  multiplicative  metric  spaces  was  proved  by  [4],  their  results  extended 
some  well-known  results  from  the  literature  to  multiplicative  metric  space.  They  discovered  that 

some  fixed  point  theorems  can  be  deduced  in  multiplicative  metric  space  by  using  the  established 
result.  They  also,  gave  an  appropriate  example  to  illustrate  their  results.  A  common  fixed  point  result 
of  quasi-weak  commutative  mappings  on  a  closed  ball  in  the  frame  work  of  multiplicative  metric 
spaces  was  presented  by  [5] .  They  provided  a  non-trivial  example  to  support  their  results.  They  also, 

studied  sufficient  conditions  for  the  existence  of  a  common  solution  of  multiplicative  boundary 
value  problem. 
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A  lot  of  researches  were  made  on  multiplicative  metric  space  to  prove  results  that  hold  on  standard 
metric  space  of  which  is  the  best  proximity  points  such  as  [1]  whom  established  interesting  best 
proximity  point  theorems  for  relatively  non-expansive  mapping.  Later  in  2012,  [6]  used  R-function 
to  establish  best  proximity  point  theorem  in  metric  space.  Moreover,  [7]  also  introduce  a  new  class 
of  cyclic  contraction  mapping  and  considered  the  best  proximity  point  theorem  in  the  context  of 
metric  space. 

The  current  article  provides  solutions  to  numerous  problems  in  Physics,  Optimization  and 
Economics,  which  can  be  reduced  to  finding  a  common  best  proximity  point  of  some  non-linear 
operator.  Our  results  can  be  used  to  solve  problems  in  Non-Newtonian  calculus  if  all  the  required 
conditions  are  satisfied.  We  considered  the  application  of  cyclic  contraction  mapping  on  the 
multiplicative  metric  space.  We  establish  the  best  proximity  point  theorems  for  cyclic  contraction 
mapping  and  generalized  cyclic  contraction  mapping  in  multiplicative  metric  space  and  applied  it 
on  the  best  proximity  point  theorems. 

Various  authors  have  generalized  Banach  contraction  principle  in  different  spaces.  The  first  analytic 
attempt  at  generalizing  fixed  point  theorem  to  infinite  dimensional  spaces  was  made  by  [8].  They 
were  able  to  show  that  a  continuous  operator  defined  from  a  compact,  convex  subset  of  Cm[ 0,  1] 
into  itself  has  a  fixed  point.  This  result  was  then  applied  in  solving  certain  differential  and  integral 
equations.  But  few  authors  have  worked  on  multiplicative  metric  spaces.  Such  as  [3],  [4],  [9]. 
Specifically,  [3]  introduced  the  concept  of  multiplicative  contraction  mappings  and  proved  some 
fixed  point  theorems  of  such  mappings  on  a  complete  multiplicative  metric  space.  The  weak 
commutative  mappings  on  a  multiplicative  metric  space  was  studied  by  [4,  9]  generating  some 
unique  fixed  point  theorems  in  the  set-up  of  multiplicative  metric  space.  For  further  detail  about 
multiplicative  metric  space  and  concept,  we  refer  the  reader  to  [3],  [4]  [10]  and  [11].  The  concept 
of  the  best  approximation  theorems  which  is  a  concept  that  explores  the  existence  of  an  approximate 
solution  was  introduced  by  [12],  despite  the  fact  that  there  is  no  known  constructive  technique  for 
determining  a  fixed  point  of  T,  the  Schauder-Tychonov  fixed  point  theorem  is  extremely  important 
in  the  proofs  of  many  existence  theorems  of  differential  equations.  We  have  observed  that 
generalization  of  the  Browder  fixed  point  theorem  to  infinite  dimensional  spaces  have  involved 
additional  condition  on  its  domain. 

In  some  theorems,  we  may  assume  that  the  closed  unit  ball  is  compact  and  convex.  Furthermore, 
since  the  compactness  assumption  of  some  theorems  is  often  difficult  to  obtain  in  applications, 
considerable  research  has  been  done  concerning  weaker  conditions  for  the  domain  which  guarantee 
the  existence  of  fixed  point.  Some  common  fixed  point  theorems  for  different  mappings  on  2-metric 
space  was  studied  by  [13]  and  [14]  which  was  used  by  [15]  to  derived  some  common  fixed  point 
theorems  related  to  weak  commutative  mappings  on  a  complete  metric  space.  Furthermore,  [16] 
studied  various  fixed  point  results  on  the  class  of  generalized  metric  spaces.  Some  fixed  point  results 
related  to  monotone  operators  in  the  setting  of  metric  space  equipped  with  partial  order  using  a  weak 
generalized  contraction  typed  mapping  was  discussed  by  [17]  which  led  to  the  characterization  of 
metric  completeness  by  generalized  Banach  contraction  mappings  in  complete  Hausdorff 
generalized  metric  spaces  by  [18]. 

The  extensive  application  potential  of  fixed  point  theory  in  various  fields  in  several  generalizations 
of  the  metric  spaces,  rectangular  metric  spaces,  D-metric  spaces,  and  G-metric  spaces.  Perhaps  one 
of  the  most  interesting  generalizations  is  the  G-metric  space  which  was  introduced  by  [16]  that 
drawn  the  attention  of  mathematicians  and  became  a  very  popular  subject  especially  from  the  point 
of  view  of  fixed  point  theory.  Cyclic  maps  and  in  particular  the  fixed  points  of  cyclic  maps  have 
been  a  subject  of  growing  interest  recently.  The  main  number  of  studies  regarding  fixed  points  is 
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weakening  the  contractive  conditions  on  the  map  under  consideration.  A  map  T:  X  -*  X  cm  a  metric 
space  ( X ,  d )  is  called  a  weak  cp -contraction  if  there  exists  a  strictly  increasing  function  (p:  [0,  oo) 

[0,  oo)  with  <p( 0)  =  0  such  that  d(Tx,Ty )  <  d(x,y)  —  <p(d(x,y)), 

For  all  x,  y  G  X.  These  types  of  contractions  have  also  been  a  subject  of  extensive  research. 

2.  Basic  Preliminaries 

In  this  section,  we  present  some  basic  definitions  and  results  concerning  the  cyclic  contraction 
mapping  and  best  proximity  point  theorems. 

Definition  2.1  [Metric  Space]:  Let  X  be  a  non-empty  set.  A  function  d:  X2—*R+ is  said  to  be  a 
metric  on  X  if  for  any  x,y,z  G  X,  the  following  condition  hold:(m1 )  d  (x,  y)  >  0,  (m2)  d  (x,  y)  — 
0  iff  x  —  y,  (mf)  d(x,y )  =  d(y,x )  and(m4)  d(x,y)  <  d(x,z)  +  d(z,y). 

Definition  2.2  [Multiplicative  Metric  Space]:  Let  X  be  non-empty  set.  A  function  d:  X2— >R+ is 
said  to  be  multiplicative  metric  on  X  if  for  any  x,y,z  G  X,  the  following  condition  hold: 
(d4)  d(x,y)  >  land  d(x,y)  =  1  iffx  —  y,  ( d2 )  d(x,y)  =  d(y,x)  and  (d3)  d(x,y)  <  d(x,z)  ■ 
d(z,y). Then  pair  ( X ,  d)  is  called  a  Multiplicative  Metric  Space  for  all  x,y,z  G  X. 

Definition  2.3  [Contraction  Mapping]:  Let  (X,  d)  be  metric  space.  A  mapping  :  X  ->  X  is  called 
contraction  if  there  exists  a  real  constant  X  G  [0,1]  such  that  d(/(x),  /(y))  <  Xd(x,  y)for  all  x,  y  G 
X. 

Definition  2.4  [Multiplicative  Contraction]:  Let  X  he  a  multiplicative  metric  space.  A  mapping 
T:X  X  is  said  to  be  multiplicative  contractive  if  there  exist  X  G  [0,1)  such  that  d(Tx,Ty )  < 
d  (x,  y)A,  for  cdl  x,  y  GX. 

Definition  2.5  [Cyclic  Contraction  Mapping]:  Let  A  and  B  be  non-empty  subset  of  a  metric 
spacefX,  d),  a  cyclic  map  T:A(JB  —+AUB  is  ccdled  a  cyclic  contraction  mapping,  if  3  k  E  [0,1)  such 
that  d(Tx,Ty )  <  /rd(x,  y)  +  (k  —  1  )dist(A,  B),  for  cdl  x  G  A  and  y  G  B. 

Definition  2.6  [K-Cyclic  Mapping]:  Two  mappings  T:  A— >B  and  S:  B— >A  is  said  to  form  a  K- 

1 

Cyclic  mapping  between  A  and  B  if  there  exists  a  non-negative  real  number  X<  -  such  that 
d(Tx,Sy )  =  X[d(x,  Tx)  -I-  d(y,Sy)]  +  (1  —  2 X)dist(A,B)  for  all  x  G  A  and  y  G  B. 

Definition  2.7  [C-Cyclic  Mapping]:  Two  mappings  T:  A— >B  and  S:  B— »A  is  said  to  fonn  a  C- 

1 

Cyclic  mapping  between  A  and  B  if  there  exists  a  non-negative  real  number  /.<  -  such  that 
d(Tx,Sy )  =  X [d(x,Sy)  +  d(y,  Tx)]  +  (1  —  2 X)dist(A,B)  for  all  x  G  A  and  y  G  B. 

Definition  2.8  [B-Cyclic  Contraction  Mapping]:  Let  A  and  B  be  non-empty  subsets  of  a  metric 
space  (X,  d).  if  a  map  T:AUB^>AUB  satisfies  (MTf)  T(A)  C  B  and  T(B)C  A,  ( MT2 )  3  an  R- 
function  cp\  [0,  oo)  ->  [0,1)  such  that  d(Tx,  Ty)  <  <p(d(x,y))d(x,y)  +  (1  —  <p(d(x,y))  thendist 
(A,B),  for  any  x  G  A  and  y  G  B.Then  T  is  called  B-Cyclic  contraction  with  respect  to  (p  on  A  U  B. 

Definition  2.9  [Generalized  R-Cyclic  Contraction  Mapping]:  Let  A  and  B  be  non-empty  subsets 
of  a  metric  space  (X,  d).  A  cyclic  map  T:  AUB  —>  A  U  B  called  generalized  R-cyclic  contraction 
mapping  if  there  exists  R-function  <p  such  that  d(Tx,  Ty)  < 

<pd((x,y))  max  |d(x,y),^  [d(Tx,x)  +  d(Ty,y)  +  min{d(x,  Ty),  d(y,  Tx)}]|  +  (l  — 
<p(d(x,y))^  dist(A,  B)  for  all  x  G  Aandy  G  B. 
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Definition  2.10  [Weak  MT-K  Condition]:  Let  A  and  B  be  non-empty  subsets  of  a  metric  space 
(. A ,  d )  and  T:  A  ->  B  and  S:  B  A  be  maps.  We  say  that  the  pair  of  maps  T  and  S  satisfy  weak  MT- 
K  condition  if  there  exists  an  MT-function  (p\  [0,  oo)  [0,l)such  that  d(Tx,Sy)  — 
^<p(d(x,y))[d(x,  Tx)  -1-  d(y,Sy)]  +  (l  —  (pd(x,y))dist(A,  B)  for  all  x  G  Aandy  G  B. 

Definition  2.11  [Weak  MT-C  Condition]:  Let  A  and  B  be  non-empty  subsets  of  a  metric 
space(A,  d)  and  T:A^>B  and  S:  B  -»  A  be  maps.  We  say  that  the  pair  of  maps  T  and  S  satisfy  weak 
MT-C  condition  if  there  exists  an  MT-function  <p:  [0,  oo)  ->  [0,1)  such  that  d(Tx,Sy)  = 

^<p(d(x,y))[d(x,  Sy)  +  d(y,Tx )]  +  (l  —  q)d(x,y)^)dist(A,B)  for  all  x  G  Aandy  G  B. 

Definition  2.12  [MT-KC  Condition]:  Let  A  and  B  be  non-empty  subsets  of  a  metric  space  (A,  d) 
and  T:  A  -»  B  and  S:B  ->  A  be  two  maps.  The  pair  of  maps  T  and  S  is  said  to  satisfy  weak  MT-KC 
condition  if  there  exists  a  pair  of  function,  co:  [0,  oo)  — >-[0,1)  satisfy  the  weak  MT-KC  condition  such 

that  d(Tx,Sy )  =  a<p(d(x,y))[d(x,  Tx)  +  d(y,5y)]  +  /?m(d(x,y))(d(x, Sy)  +  d(y,Tx))  (l  — 
2(1  —  2 acpd(x,y)  —  2/?u>(d(x,y))^  dist(A,  B)for  all  x  G  Aandy  G  and  a/3  <  ^ 

Definition  2.13  [Weak  ^-contraction]:  A  map  T :  X  X  on  a  metric  space  ( X ,  d)  is  called  a  weak 
(^-contraction  if  there  exists  a  strictly  increasing  function  cp\  [0,  oo)  [0,  oo)  with  <p(0)  =  0  such 
that  d(Tx,  Ty )  <  d(x,y)  —  <p(d(x,y)),  for  all  x,y  G  X. 

Definition  2.14  [Best  Proximity  Point  of  a  function]:  Let  A  and  B  be  nonempty  closed  and  convex 
subsets  of  a  complete  metric  space(A,  d)  and  let  T:  A  U  B  A  U  B  be  cyclic.  Assume  that,  for  all 
x  G  A  and  y  G  B  then  d(x,  Tx)  —  d(A,B ).  such  that  a  G  (0,1)  then  d(A,B )  =  inf  (d(x,y),x  G 
A,y  G  B}.  for  x0  G  A,  define  xn+1  =  Txnfor  eachn  >  0.  Then,  there  exists  unique  x  G 
A  such  that  x2n  — >  x  and  d  (x,  T x)  =  d(A,  B).  hence,  x  is  called  best  proximity  point  of  a  function 
T. 

Definition  2.15  [Generalized  Metric  (G-metric  on  X)]:  Let  X  be  a  nonempty  set,  G-.XxXxX^ 
R+  be  a  function  satisfying  the  following  properties:  G1  :G(x,y,z)  —  0  if  x  —  y  —  z,  G2:  0  < 
G (x, x, y)for  all  x,y  E  X  with  x  =£  y,  G3:  G(x, x,y)  <  G(x,y,z)  for  all  x,y,z  G  X  withy  =£ 
z,  G4:  G(x,y,z)  =  G(x,z,y )  =  G(y,  z,  x)  =  (symmetric  in  all  three  variables),  G5:  G(x,  y,  z)  < 
G(x,a,a)  +  G(a,y,  z)forall  x,y,z,a  EX  (rectangle  inequality),  then  the  function  G  is  called 
generalized  metric,  or,  more  specifically,  G-metric  on  X,  denoted  by  (A,  G)  :G-metric  space. 

Definition  2.16  [Multiplicative  Cyclic  Contraction]:  Let  A  and  B  be  non-empty  subset  of  a 
multiplicative  metric  space  (A,  d).  A  cyclic  map  T:  A  U  B  ->  A  U  B  is  called  multiplicative  cyclic 
contraction  if  3A  G  [0,1)  such  that  d(Tx,  Ty)  <  d(x,y)A  ■  d(A,  B)1-A,  for  all  x  G  A  and  y  G  B. 

Definition  2.17  [C-Cyclic  Mappings]:  Two  mappings  T:  A— >B  and  S:  B— >A  is  said  to  fonn  a  C- 
Cyclic  mapping  between  A  and  B  if  3  a  non-negative  real  number  X<  -  such  that  d(Tx,Sy)  — 
A[d(x,  Sy)  +  d(y,  Tx)]  +  (1  —  2 A)dist(A,B)  for  all  x  G  A  and  y  G  B. 

Definition  2.18  [Weak  MT-K  Condition]:  Let  A  and  B  be  non-empty  subsets  of  a  metric  space 
(A,  d)  and  T:  A  B  and  S:  B  —>  A  be  maps,  then  T  and  S  satisfy  weak  MT-K  condition  if  there 
exists  an  MT-function  cp:  [0,oo)  [0,l)such  that  d(Tx,Sy)  —  ^<p(d(x,y))[d(x,  Tx)  + 
d(y,Sy)]  +  (l  —  q)d(x,y))dist(A,B)  for  all  x  G  Aandy  G  B,  and  T:A->B  and  S:B  A  then  T 
and  S  satisfy  weak  MT-C  condition  if  there  exists  MT-function  <p:  [0,  oo) 
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[0,1)  such  that  d(Tx,Sy)  —  ^<p(d(x,y))[d(x,  Sy)  +  d(y,Tx )]  +  (l  —  cpd(x,y))dist(A,  B)  for 
all  x  G  Aandy  G  B. 

3.  Multiplicative  Cyclic  Contraction  Mappings  Class  and  Best  Proximity  Point  Theorems 

In  this  section,  we  introduce  two  new  classes  of  multiplicative  contraction  mappings;  multiplicative 
cyclic  contraction  and  multiplicative  R-cyclic  contraction  mappings,  and  establish  best  proximity 
point  theorems  with  these  mappings  within  the  frameworks  of  multiplicative  metric  space.  The 
method  adopted  in  this  research  was  through  consulting  necessary  and  relevant  literatures  mentioned 
in  section  two. 


Theorem  3.1:  Let  A  and  B  be  non-empty  subset  of  a  multiplicative  metric  space  ( X ,  d)  and  T:  A  U 
B  -»  A  U  B  be  a  multiplicative  cyclic  contraction.  For  x1  G  A  arbitrary  chosen,  define  an  iterative 

sequence  {xn}neM  by  xn+1  =  Txn  then, 

lim  d(xn,xn+1)  =  in/nEMd(xn,xn+1)  =  d(A,B)  (1) 

n->  oo 

Proof:  First  we  show  that  the  sequence  [d(xn,  xn+1)}  is  non-increasing.  Now,  let  us  fix  n  G  hi; 
since  T  is  a  multiplicative  cyclic  contraction  mapping,  we  see  that 

^(An+2<  -^n+l)  d(Txn+i,  TX-n)  (2) 

<  d(xn+1>  xny  •  d(A,  S)1_A  (3) 

<  d(xn+1,xn)A  ■  d(xn+1,xn)1_A  (4) 

d (xn ,  xn+1 )  =  inf „eN  d (x„ ,  xn+1 )  =  d( A,  B)  =  1  _  d(xn+1,xnf-d(xn+1,xn ) 

d(Xn+l>xn)^ 

=  d(xn+llxn).  (5) 

From  (3.4)  we  need  to  show  that  the  sequence  { d(xn,  xn+1) }  is  non-increasing.  If  there  exists  j  G 
N  such  that  Xj  —  Xj+1  G  A  D  B.  Then  by  definition  Txj  —  Xj+1  —  Xj]  also  Xj+2  —  Txj+1  — 
T(TXj )  =  Tx;  —  Xi.  So  Xj  —  xj+1  —  x,+2  =  •••  therefore  the  lim  d(xn,xn+1)  =  1. 

j  j  j  j  j  j  n—>  oo 

Then,  lim  d(xn,xn+1)  =  in/neMd(xn,xn+1)  =  d(A,B)  =  1  (6) 

n—>oo 


Similarly,  we  consider  the  case  xn+1  A  xn  for  all  n  G  N.  If  xx  G  A,  then  by  the  cyclic  nature  of  T, 
we  have  x2n_1  G  A  and  x2n  G  B  for  all  n  G  N.  Since 


d(x2,x3)  =  d(Tx1,Tx2)  <  d(x1,x2)A  ■  d(A,  S)1  x 

d(x3,x4)  =  d(Tx2,Tx3 )  <  d(x2,x3);i  ■  d(A, 

<  (d(x4, x2)a  ■  d(A,  By~yX  ■  dist(A, B)1_/l 

=  d(x1,x2)/l2  ■  d{A,BY~x2 
and 


A 


(6) 


7 
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d(x4,  x5)  =  d(Tx3,Tx4 )  <  d(x3,x4)A  ■  d(A,  B)1_A 

<  (d(x1,x2)12  ■  d(A,By-x2y  ■  dist(A,B)1~A 
=  d(xllx2)A3  ■  d(A,By-x3 

hence  we  have  dist(A,B)<  d(xn+1,xn+2)  <  d(x1;  x2)xn  ■  d(A,  S)1_/in  (7) 

For  n  E  N. Since  A  G  [0,1),  lim  An  —  0.  The  proof  follows  immediately  from  (6)  and  the  non- 

7l-»  oo 

increasing  nature  of  [d(xn,  xn+1)},  therefore  we  obtain  lim  d(xn,  xn+1)  =  infneN  d(xn,  xn+1)  — 

n->  oo 

dist(A,  B ). 

The  following  useful  theorem  of  best  proximity  point  theorem  for  multiplicative  cyclic  contractions 
follows  immediately. 

Theorem  3.2  Let  A  and  B  be  non-empty  subsets  of  a  multiplicative  metric  space  (A,  d )  and  T:  A  U 
B  ->  A  U  B  be  a  multiplicative  cyclic  contraction  map.  Let  x1  E  A  be  chosen  arbitrary  and  define  an 

iterative  sequence  {xn}neM  by  xn+1  =  Txn.  Suppose  that  {VE^-x2n_1}  has  a  multiplicative 
convergence  in  A,  then  3v  E  A  such  that  d(v,Tv )  =  d(A,  B ). 

Proof:  Let  T:AUB^Al)Bbc  multiplicative  cyclic  contraction  if  there  exists  A  E 
[0,1)  such  that  d(Tx,  Ty)  <  d(x,y)A  ■  d(A,  B)1_A,  for  all  x  G  A  and  y  E  B.  Since  T  is  a  cyclic 
map  and  xtE  A  then  x2n_1  G  A  and  x2n  G  B  for  all  nGU,  and 

ix2nk- 1)  is  a  subsequence  of  {x2n_1}  multiplicatively  converging  to  a  point  v  E  A.  Then  by 
(multiplicative  triangle  inequality) 

d(A,B)  <  d(y,  x2nfe)  <  dfax^-J  ■  d(x2nk_lfx2nk  for  all  k  GM,  and 

lirnd^x^-j)  =  1,  we  have  d(A,B)  <  d{y,x2n J  <  d(v,x2nk-i)  '  d(*2nfc-i»*2nj 

(8) 

Taking  limit  as  k  -»  oo  we  have  d(A,B )  <  limd(E,  x2n  )  <  limd(x2n._1,x2n.  )  =  d(A,B ) 

(9) 

then  hmd(p,  x2rifc)  =  d(A,  B).  if  d(A,  B)  <  d(x2nfc+1,  Te) 

=  d(Tx2nk+1,Tv)  <  d{x2nk,Tv)X  •  d(A,B)1_A 
<d{y,x 2nJ  ■  d(v,  x2nfc)1 

<  d(x2rife,E), 

Therefore,  d(A,B)  <  d{x2nk+1,Tv )  <  d{x2nk,v ) 
taking  limit  as  k  ->  oo,  we  obtain 

d(A,B)  <  d(v,Tv)  <  d(A,B),  J 


d(y,Tv )  =  d(A,  B). 


(2) 
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Theorem  3.3:  Let  A  and  B  be  non-empty  subset  of  a  multiplicative  metric  space  (A,  d )  and  T:  A  U 
B  -»  A  U  B  be  a  multiplicative  R-cyclic  contraction  with  respect  to  W.  Then  3  a  sequence  {xn}neM  c 
A  U  B  such  that 

lim  d(xn,xn+1)  =  infneNd(xn,xn+1)  =  d(A,B). 

n->  oo 

Proof: 

Let  xx  G  A  be  given.  Define  an  iterative  sequence  {xn}neM  by  xn+1  —  Txn  for  n£M,  clearly 
d(A,  B )  <  d(xn,xn+1)  for  all  n£N. 

If  there  exists  j  E  N  such  that  Xj  —  Xj+1  G  A  (T  B,  then  by  definition  Txj  =  Xj+1  =  Xj.  Also  x;  +2  = 
Txj+1  -  T(Txj )  =  Txy  —  Xj  .So  Xj  —  x;+1  =  x;-+2  = 

Hence,  lim  d(xn,  xn+1)  =  1. 

n->  oo 

Then  lim  d(xn,  xn+1)  =  infneNd(xn,  xn+i)  =  d(A,  B )  =  1  .It  suffices  to  consider  the  case 

n-»  oo 

xn+i  A  xn  for  all  nGM.  since  the  sequence  {  d(xn,  xn+1)}  is  non-increasing  in  (1,  oo),  then  tq  = 
lim  d(xn,xn+1)  =  infneNd(xn,  xn+1)  >  l.Since  <p  is  an  R-function  we  have,  0< 

n-»  oo 

suPneN<P(d(xn,  xn+l))  <  1- 

Suppose  A:  =  sitpnEM<p(d(xn,  xn+1)),  then  0  <  <p(d(xn,  xn+1))  <  A  <  1  for  all  n  G  N.  If  xx  G  A, 
then  by  the  cyclic  nature  of  T,  we  have  x2n~\  G  A  and  x2n  G  B  for  all  n  G  N.  Since  T  is  a 
multiplicative  cyclic  R-contraction,  we  have  d(x2,  x3)  =  d(Tx1,Tx2) 

<d(x1,x2)'f,d^)-d(A,B)1-'f,d^) 


<  d(x1,x2)A  ■  d(A,  B)  and  d(x3,x4)  =  d(Tx2,Tx3) 
<  d(x2,x3)vd(x^  ■  d{A,B)1~'vd('X2,x^ 


<  (d(x1,x2)/l  ■  d(A,  B))vd^x 3)  ■  dCA.B)1"^^^) 


=  d(x1,x2)/’2  ■  d(A,  B)  a/so,  d(x4,x5)  =  d(Tx3,Tx4 ) 


<  d(x3,x4)'f,d(w) .  d(A,B)1-wfe*) 


<  (d(x1,x2)A2  •  d(A,  B))^^4) .  d(A,B)1-vd(x3’xJ 
=  d(x1,x2)/l3  ■  d(A,  B) 

Hence,  we  obtained  d(A,  B)  <  d(xn+1,  xn+2)  <  d(x1,x2)/’n  ■  d(A,  B) 

For  nGM.  Since  A  G  [0,1),  lim  An  =  0.  The  non-increasing  nature  of  {d(xn,xn+1)},  we  obtain 

n->  oo 

lim  d(xn,xn+1)  =  in/nEMd(xn,xn+1)  =  dist(A,B).  (3) 

n->  oo 

The  existence  theorem  for  a  class  of  cyclic  mappings  follows  immediately 
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Theorem  3.4:  Let  A  and  B  be  non-empty  subsets  of  a  multiplicative  metric  space  ( X ,  d )  and  T:  A  U 
B  -»  A  U  B  be  a  multiplicative  R-cyclic  contraction.  Let  G  A  be  given.  Define  an  iterative 
sequence  {xn}neM  by  xn+1  =  Txnforn  E  bl.  suppose  further  that  {x2n-i}  has  a  multiplicative 
convergence  subsequence  in  A,  then  there  exist  x  E  A  such  that  d{x,Tv )  =  d(A,  B). 

Proof:  Let  {x2nk-i}  be  a  subsequence  of  {x2n  such  that  x2n  t  -»  x  as  k  -»  oo.  we  observe 
that,  d(A,  B)  <  d(x,  x2nfc)  <  d(x,  x2nfc_1)  ■  d(x2nk_1,x2nk)  for  all  k  EM,  since 
lim  d(x,x2n  j)  =  1,  and 

fc->oo  * 

d(A,B)  <  d(x,x2nJ  <  d(x,x2nfc_1)  ■  d(x2nfc_lfx2nk) 

Taking  limit  as  k  oo  we  have 

d(A,B)  <  limd(x,x2nfc)  <  limd(x2n  lfx2n  )  =  d(A,B) 

/c — >00  /c  >  oo 

Hence,  limdfx,  x2n.)  =  d(A,B ). 

/c — >00  v 

Thend(A,  B)  <  d(x2nfc+1, Tx)  =  d{x2nk,Tx ) 

<  d(x2nfc,x)<P(d(%2nfe’X))  ■ 

,  .r  \(P(d(x2n  x))  f  U -<p(d(x2nk,x)) 

<d[x2nk,x )  ■d(x2nk,x) 

<  d(x2nk,x) 

Therefore  ,  d(A,B)  <  d(x,  Tx)  <  d(A,  B)  .  then  d (x,  T x)  =  d(A,  B ).  which  complete  the  proof 
(4). 

Theorem  3.5:  Let  A  and  B  be  non-empty  subset  of  a  multiplicative  metric  space  (A,  d)  and  T:  A  U 
B  -»  A  U  B  be  generalized  multiplicative  R-cyclic  contraction.  For  each  x1  E  A  define  an  iterative 
sequence  {xn}neN  by  xn+1  =  Txn,  for  nEM.  Then,  lim  d(xn,xn+1)  =  in/nEMd(xn,  xn+1)  = 

n-»  oo 

d(A,B). 

Proof:  We  need  to  show  that  {  d(xn,xn+1)}  is  a  non-increasing  sequence.  If  n  E  N  is  fixed  and  T 
is  a  generalized  multiplicative  R-cyclic  contraction  mapping,  then  d(xn+2,  xn+1)  =  d(Txn+1,Txn) 

<  (max  (d(xn+1,xn),  [d(rxn+llxn+1)  ■  d(7xn,xn)} 

■  min (d(xn+1,rxn),d(xn, Txn+1)}]2)«l,(d(*"+1'*"))  ■  d^fi)1-?^^*)) 

<  (max  (d(xn+1,xn),  [d(xn+2,xn+1)  ■  d(xn+1,xn)} 

■  min{d(xn+1,xn+1),  d(xn,Xn+2)}]2)<P(d(xn+l’Xn))  ■  d(A,  B)1_^(d(*n+l’*n)) 

1 

<  (max{d(xn+1,xn),  [d(xn+2,xn+1)  ■  d(xn+lfxn)}  ■  d(xn+1,xn+1)]2)^d(*«+i’*«)) 

■  d{A,B')1~<p^Xn+1’Xn^ 


<  (max{d(xn+1,xn),[d(xn+2f  •^n+l)  '  d(xn+i, 


Xn ) }] ^ (xn+ 1 ’Xn))  .  ffy-<P(d(xn+1,Xn)) 
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i 

Suppose  [d(xn+2,  xn+1)  ■  d(xn+1,xn)]2  =  (max  (d(xn+1,xn),  [d(xn+2,xn+1)  ■ 

d(xn+i,xn)]2})^(d(A«+1’*«)) .  d(j4, 5)1_<P(d(xn+iAn))j  we  see  that,  d(xn+1,xn)2  <  d(xn+2,xn+1)2 
then  d(xn+1,  xn)  d(xn42, 

xn+l)- 

Implies  d(xn+2,xn+1) 

<  ([d(xn+2,xn+1)  ■  d(xn+1,xn)]l}r(d<*™-*»»  ■  d(i4Jfi)1-9,(d(*«+1'*«))l 

<  ([d(xn+2,xn+1)  ■  d(xn+1,xJ]J})^*«+^)  ■  d(i4ffi)1"«,(d(*»+i'*»)) 

=  [d(xn+2,xn+1)2]^(d(*"+1'*"})  •  dCAB)1"^^1^ 

=  d(xn+2lxn+1)*<d(*»+1'*"»  ■  d(i4ffl)1-«,<d<*»+1'*»» 

<  d(xn+2,xn+1)^(d^— n))  ■  d(Xn+2)Xn+i)i^(d(.n+1,.„)) 

d(xn+2;  ^n+l)' 

1 

Suppose  by  contradiction.  Then,  [d(xn+1,xn)  ■  d(xn+2,xn+1)]2  <  d(xn+1,xn)  implies 
1  1 
d(,xn+l>  xn)2  —  d(xn+2,  xn+ l)2 

Implies  d(xn+1,xn)  >  d(xn+2,xn+1),  since  {  d(xn, xn+1)}  is  non-increasing  sequence  then  there 
exists  j  £  N  such  that  Xy  =  Xy+1  G  A  (T  B,  then  by  definition  Txj  —  Xy+1  =  Xy.  Also  Xy+2  —  Txj+1  = 
T(TXj )  =  Txj  —  Xy,  Xy  =  Xy  +  1  =  Xy+2  = 

Therefore,  lim  d(xn,xn+1)  =  1. 

n-»  oo 

Then,  lim  d(xn+1,xn)  =  in/neMd(xn+1,xn)  =  d(A,B)  —  1. 

n->  oo 

So  it  remains  to  consider  the  case  xn+1  ^  xn  for  all  nGM,  since  the  sequence  {  d(xn,xn+1)}  is 
non-increasing  and  by  the  property  of  R- function  we  have  0  <  <p(d(xn+1,xn))  <  A  <  lforalln  G 
hi  where  A:  —  supneNcp(d(xn+1,  xn)).  from  x4  G  d,  we  have  x2n_1  G  .<4  and  x2n  G  B  for  all  n  G 
M,  since  T  is  a  multiplicative  cyclic  R-contraction,  then  d(x2,  x3)  =  d(Tx1,Tx2) 

<  d(x1,x2)<pWxl'X2))  ■  d(A,  s)1-^(d(M)) 

<  d(x1,x2)^^^1’%2«  ■  d(4B) 

<  d(x1,x2)A  ■  d(.<4,  5) 
then,  d(x3,x4)  =  d(Tx2,Tx3 ) 

<  d(x2,x3)(p^d<^X2’X3^  ■  d(i4ffi)1_v(d(*2'*3)) 

<  (d(x1; x2)a  ■  d(4S))^(dfe’X3))  ■  d(45)1-^dfe’X3))  =  d(xlfx2)A2  ■  d(4S).  similarly, 

d(x4,  x5)  =  d(Tx3,Tx4 ) 
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<  d(x3,x4)^d(*3’*4))  ■ 

<  (d(x1;x2)A2  ■  d(45))^(d(X3’X4))  ■  d(A, =  d(xl7x2)A3  ■  d(A,B).  Hence, 
d(A,  B )  <  d(xn+1,xn+2)  <  d(x1,x2)/’n  ■  d(A,  B )  for  all  n£M.  Since  A  G  [0,1),  lim  An  =  O.by 

71 ->  oo 

the  non-increasing  nature  of  {d(xn,xn+1)},  then  lim  d(xn,xn+1)  =  in/neMd(xn,xn+1)  =  d(A,B). 

71— >00 

(5) 

From  the  above  theorem,  we  establish  the  following  best  proximity  point  theorem  for  generalized 
multiplicative  R-cyclic  contractions. 

Theorem  3.6:  Let  A  and  B  be  non-empty  subsets  of  a  multiplicative  metric  space  (A,  d)  and  T\A  U 
B  ->  A  U  B  be  a  generalized  multiplicative  cyclic  R-contraction.  Let  xx  £  A  be  given.  Define  an 
iterative  sequence  {xn}neN  by  xn+1  —  Txn  for  n  E  N.  Suppose  further  that  {x2n_1}  has  a 
multiplicative  convergence  subsequence  in  A,  then  there  exist  x  G  A  such  that  d(x,Tx)  — 
d(A,B). 

Proof:  Let  {x2nfc_1}  be  a  subsequence  of  {x2nfc_1|  multiplicative  converging  to  a  point  x  G  A. 
Since,  by  multiplicative  triangle  inequality,  we  have 

d(A, B)  <  d(x,x2nfc)  <  d(x,x2nfc_1)  ■  d(x2nk_1,x2nfc),  for  all  k  G  M,  and  since 
lim  d(x,x2n  4)  =  1,  then 

k->  oo  K 

d(A,S)  <  d(x,x2nJ  <  d(x,x2nfc_1)  ■  d(x2nfc_1,x2nJ 
Taking  limit  as  k  -»  oo  we  have 

d(A,B)  <  lim  d(x,x2nfc)  <  limd(x2nfc_1,x2nfc)  =  d(A,B) 

/C — >  CO  /{  >oo 

Hence,  limdfx, x2n.)  =  d(A,  B). 

k->  oo  v 

On  the  other  hand,  since  T  is  a  generalized  R-cyclic  contraction  mapping  we  have, 

d(A,5)  <  d(Tx,  x2rik+1) 

<  max{d(x,x2nfc),[d(rx,x)-d(x2nk+1,,x2nk) 

1 

■  min{d(x,  x2„k+1, ),  d(x2„k+1,  Lx)}]2} 

Letting  /c  -»  oo,  we  obtain  d(A,  B)  <  d(Tx,x ) 

<  max  {d(A,  B),  [d(Tx,  x)  ■  d(A,  B )  ■  min  (d(x,x),  d(x,  Tx)}]2} 

=  max  {d(A,  B),  [d(Tx,  x)  ■  d(A,  B )  ■  d(x,  x)]z] 

=  max  {d(A,  B),  [d(Tx,x)  ■  d(A,  B)]z] 

Now  we  consider  the  following  two  cases: 

Case  I:  If  max{d(A,  B),  [d(Tx,x)  ■  d(A,  B)]z]  =  d(A,B),  then  it  implies  that; 
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d(A,B )  <  d(Tx,x )  <  d(A,B ) 
which  also  implies,  d(A,B )  =  d(Tx,x ) 

Case  II:  If  max  (d  (A  B ),  [d  (T x,  x)  ■  d  (A,  B)]z}  =  [d  (T x,  x)  ■  d {A,  B)]z .  then 

d(Tx,x )  <  [d(Tx,x)  ■  d(A,  S)]z 
d(Tx,x )  <  d(A,B ) 

And  it  follows  that  d(Tx,  x)  =  d(A,  B).  It  is  clear  that  every  /^-cyclic  contraction  is  a  generalized 
B-cyclic  contraction.  Indeed,  if  T  is  /^-cyclic  contraction  then 

d(Tx,Ty )  <  (d(x,y))'//^d^,y^  ■  d(A, 5)1-'KdOmO) 


<  (max  (d(x,y),  [d(rx,x)  ■  d(Ty,y )  ■  min  (d(x,  Ty),d(y,  Tx^^v^ix.y)) . 
for  all  x  G  A  and  y  G  B.  (6). 

4.  Conclusion  and  Recommendations 

In  this  research,  cyclic  contraction  mappings  were  studied  in  Multiplicative  Metric  Spaces,  and  we 
obtained  Best  Proximity  Point  Theorems  in  Multiplicative  Metric  Spaces  by  extending  the  results 
of  [1]  and  [19]  from  Metric  Space  to  Multiplicative  Metric  Space.  For  the  three  classes  of  cyclic 
mappings  mentioned  above.  The  best  proximity  point  theorems  were  established  in  the  setting  of 
multiplicative  metric  spaces. 

Various  classes  of  mappings  introduced  in  this  research  can  be  further  studied.  It  is  recommended 
that,  best  proximity  point  should  be  investigated  further  in  multiplicative  metric  space.  Common 
best  proximity  point  in  multiplicative  metric  space  may  also  be  investigated.  It  may  also  be  possible 
to  establish  fixed  point  theorem(s)  in  multiplicative  metric  spaces  using  a  newly  introduced 
multiplicative  cyclic  contraction  mappings.  It  is  recommended  that  example(s)  of  a  generalized 
multiplicative  /x’-cyclic  contraction  mapping  which  is  not  a  multiplicative  /^-cyclic  contraction  be 
constructed. 
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